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Abstract
For every pair (C,K) of groupoid enriched categories, we define two related categories S(C,K) and SS(C,K). In the case (C,K) =
(TOP,ANR) they are isomorphic, respectively, to the classical shape category Sh(TOP) of Mardešic´ and Segal and to the strong
shape category of topological spaces SSh(1)(TOP) of height 1, defined by Lisicá and Mardešic´. Moreover, for (C,K) = (CM,ANR),
where CM is the category of compact metric spaces, there is an isomorphism SSh(CM) ∼= SS(CM,ANR). A new characterization of
topological strong shape equivalences is also given.
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0. Introduction
Strong Shape, started about 1975, is a more geometrical version of classical Shape Theory [13]. Because of its
complexity it was only in the recent years that it has been given a satisfactory categorical description, notably by the
work of Batanin [1], Cordier and Porter [4]. The underlying idea in those papers is to consider simplicially enriched
categories in order to capture the geometrical nature of the topological case. The coherent category CH(ProTOP)
constructed by Lisicá and Mardešic´ [12] uses in fact homotopies of arbitrary orders.
In a preceding paper [15] we have shown how it is possible to define shape and strong shape equivalences in
the very general setting of a g.e. pair (C,K), that is, a pair of 2-categories K⊂ C enriched over the category GPD of
groupoids. Contrary to that paper here we allow a certain level of coherence in that we consider the category [[K,GPD]]
of 2-functors, lax natural transformations and their modifications [9]. We show that this suffices to describe the strong
shape category of compact metric spaces SSh(CM) and the strong shape category of topological spaces SSh(1)(TOP)
of height 1, as defined by Lisicá and Mardešic´ [12]. Shape and strong shape equivalences are defined as in [15] and a
new condition is given for a shape equivalence to be strong.
1. Definitions and preliminary results
A groupoid is a small category G whose morphisms are all invertible. The component of an x ∈ G is its isomor-
phism class [x] = {x′ ∈ G | G(x,x′) = ∅} and π0(G) is the set of components of G. Every functor of groupoids
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from the category of groupoids and their functors to the category of sets, which we call component functor [6].
Lemma 1.1. Let f :G → H be a homomorphism of groupoids. The following hold:
(i) f is essentially surjective ⇔ πf is onto.
(ii) f is faithful ⇔ fxx is injective, for all x ∈ G.
(iii) f is full ⇔ πf is injective and fxx is surjective, for all x ∈ G.
Proof. (i) is clear. (ii) Assume that all fxx are injective an consider the map fxx′ :G(x,x′) → H(f (x), f (x′)). If
u,v :x → x′ are paths such that f (u) = f (v), then the path f (v)−1f (u) = f (v−1u) is the identity path on x. Hence
v−1u = 1x . It follows u = v. (iii) Let f be full and let x, x′ ∈ G be such that [f (x)] = [f (x′)]. Then there is a path
f (x) → f (x′) in H , which comes from a path x → x′ in G. It follows [x] = [x′]. Conversely, that πf is injective
says that if there is a path b :f (x) → f (x′) in H , then there is a path a :x → x′ in G. b−1f (a) ∈ H(f (x), f (x)). By
hypotheses b−1f (a) = f (c), for some c ∈ G(x). It follows b = f (a−1c−1). 
From the above the so-called Whitehead’s Lemma [8,5] follows:
Lemma 1.2. A functor of groupoids f :G → H is an equivalence of categories iff π0(f ) and fx,x :G(x,x) →
H(f (x), f (x)), for all x ∈ G, are bijections.
Definition 1.3. A g.e. category is a 2-category K whose 2-cells are all invertible. It follows that, for all X,Y ∈ K,
the category K(X,Y ) of morphisms between them is a groupoid. A 2-cell of K is written α :f ⇒ f ′. Composition
of morphism and horizontal composition of 2-cells will be denoted by g ◦ f ands β ◦ α, respectively, while vertical
composition of 2-cells will be denoted by β ∗ α. When we write, e.g., f ◦ α or f ∗ α, we mean composition of α with
the identity 2-cell at f .
From now on GPD will denote the g.e. category of groupoids whose 2-cells are the natural transformations.
TOP will be the g.e. category of topological spaces, continuous maps and tracks. A track [2] α :f ⇒ g is a relative
homotopy class of homotopies connecting the maps f and g. Every ordinary category will be considered as a g.e.
category having only identity 2-cells.
In order to fix notations let us recall the following:
– a 2-functor F :K→ H of g.e. categories is an assignment of objects, morphisms and 2-cells in such a way that, for
all X,Y ∈ K, FX,Y :K(X,Y ) → H(F (X),F (Y )) is a functor and respects identities and all kind of composition.
F is said to be locally P if FX,Y has property P, for all X,Y ∈ K.
For more details concerning 2-categories and 2-functors between them, we refer to [9].
– given 2-functors F,G :K→ H of g.e. categories, a lax natural transformation τ :F ⇒ G, τ = (τX, τf ), assigns to
each X ∈ K a morphism τX :F(X) → G(X) of H and to each morphism f :X → X′ of K a 2-cell τf :G(f )◦τX ⇒
τX′ ◦ F(f ) of H satisfying
(i) τ1X = 1τX ,
(ii) τg◦f = (G(g) ◦ τf ) · (τg ◦ F(f )),
(iii) (G(γ ) ◦ τX) · τf ′ = τf · (τX′ ◦ F(γ )),
for a 2-cell γ :f ⇒ f ′ :X → X′.
If τf is an identity, for all f , then τ is a 2-natural transformation.
– If τ, τ ′ :F ⇒ G are two lax natural transformation, a modification θ : τ  τ ′ assigns to each X ∈ K a 2-cell
θX : τX ⇒ τ ′X of H in such a way that τ ′f ∗ (G(f ) ◦ θX) = (θX′ · F(f )) ∗ τf , for f :X → X′.
For g.e. categories K and H, we denote [[K,H]] the g.e. category of 2-functors K→ H, their lax natural transforma-
tions and modifications, while [K,H] will be its g.e. subcategory where the morphisms to be considered are only the
2-natural transformations. We shall denote by YK :K→ [K,GPD]0 the 2-Yoneda embedding X → K(X,−).
Given 2-functors F,G :K→ GPD, we write Lax(F,G) for [[K,GPD]](F,G) and 2-Nat(F,G) for [K,GPD](F,G).
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JF,G : 2-Nat(F,G) → Lax(F,G) is full and faithful, for all F,G :K→ GPD.
Proposition 1.4. (Cf. [5].) Let X ∈ K. For every 2-functor G :K → GPD there is an equivalence of groupoids
JX,G : 2-Nat(K(X,−),G)  Lax(K(X,−),G).
Proof. It only has to be shown that JX,G is an essentially surjective functor. Let τ :K(X,−) ⇒ G,τ = (τX, τf ) be a
lax transformation. For an element a ∈ G(X), let τa :K(X,−) ⇒ G be the 2-natural transformation defined as follows:
– for all P ∈ K, τaP :K(X,P ) ⇒ GP , f → τaP (f ) = G(f )(a),
– for all α :f ⇒ f ′ :X → P , τaP (α) = G(α)a is the a-level of the natural transformation G(α) :G(f ) → G(f ′).
For every P ∈ K, let θP : τP ⇒ τaP :K(X,P ) → G(P ) be the 2-natural transformation such that, for an f :X → P ,
θP,f = G(f )(a). In this way one obtains a modification θ : τ  τa . 
By the proposition above there is a g.e. Yoneda representation functor YK :K→ [[K,GPD]]0, X → K(X,−),YK =
J ◦ YK, which is a local equivalence. Let us point out the way it works. An object X ∈ K goes to the representable
2-functor K(X,−) :K → GPD. A morphism f :X → Y of K induces a 2-natural transformation f ∗ :K(Y,−) →
K(X,−). For χ :f ⇒ g :X → Y a 2-cell of K, χ∗ :f ∗ ⇒ g∗ is the modification defined as follows:
– for every P ∈ K, χ∗P :f ∗P ⇒ g∗P is the natural transformation whose u-level, for u :Y → P , is given by the 2-cell
χ∗P,u = u ◦ χ :u ◦ f ⇒ u ◦ g,
– if α :u ⇒ v :Y → P , the commutativity condition g∗P (α) ◦ χ∗P,u = χ∗P,v ◦ f ∗P (α) amounts to the condition
(α ◦ g) ∗ (u ◦ χ) = (v ◦ χ) ∗ (α ◦ f ).
The other condition for a modification for an h :P → Q, is obtained as (K(X,h) ◦ χ∗P )u = K(X,h)(u ◦ χ) =
h ◦ (u ◦ χ) = (h ◦ u) ◦ χ = χ∗P,h◦u = (χ∗Q ◦ K(Y,h))u.
To every g.e. category K we associate a homotopy category hK. This is the ordinary category having the same
objects as K and morphisms defined by hK(X,Y ) = π0K(X,Y ). In the following we will also write hK(X,Y ) =
[X,Y ]K. The homotopy functor hK :K→ hK is the identity on objects, sends a morphism f to its component [f ] and
every 2-cell to an identity. Every 2-functor F :K→ H of g.e. categories induces a functor hF between the homotopy
categories. It is the unique functor such that hH ◦ F = hF ◦ hK.
A morphism f :X → Y of K is called an homotopy equivalence if [f ] is invertible in hK, that is, there are a
morphism g :Y → X and 2-cells g ◦ f ⇒ 1X , f ◦ g ⇒ 1Y . The homotopy equivalences in GPD are those functors of
groupoids that are equivalences of categories.
Let us denote by W the class of all homotopy equivalences in K and form the category of fractions K[W−1] which is
obtained by formally inverting the homotopy equivalences in the underlying category of K. K[W−1] is then an ordinary
category which we will consider as a g.e. category in the trivial sense. Consider the following diagram
K[W−1]
TK
P
hK
hK
hP
Since the homotopy functor hK inverts all homotopy equivalences, there is a unique functor T :K[W−1] → hK such
that T ◦ P = hK. On the other hand, if we consider K[W−1] as a g.e. category in the trivial sense and, consequently,
P as a 2-functor, then it has a unique lifting to the homotopy categories. It follows that hP ◦ T = identity. For the
same reason one has T ◦ hP = identity, obtaining an isomorphism of categories K[W−1] ∼= hK, hence the homotopy
category of a g.e. category is obtained by formally inverting the class of homotopy equivalences.
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homotopy equivalence in [[K,H]] iff tX :F(X) → G(X) is a homotopy equivalence in H, for all X ∈ K.
Proposition 1.6. Let F :K→ H be a 2-functor between g.e. categories which is a local equivalence, then hF is fully
faithful.
Proof. The functor FX,Y : HomK(X,Y ) → HomH(F (X),F (Y )) is an equivalence of groupoids, for all X,Y ∈ K. From
Lemma 1.2 it follows that the map (hF )X,Y = π0(FX,Y ) : [X,Y ]K → [F(X),F (Y )]H is to be a bijection. 
Proposition 1.7. Let F :K→ H be a 2-functor between g.e. categories. There are a g.e. category KF and 2-functors
F0 :K→ KF , F1 :KF → H with the following properties:
(i) F0 is the identity on objects and F1 is fully faithful,
(ii) F = F1 ◦ F0 and any such a factorization is uniquely determined, up to isomorphisms, among all factorizations
of F by a 2-functor bijective on objects followed by a fully faithful 2-functor.
KF is called the full image of F . It can be obtained as the g.e. category having the same objects as K and such that
the groupoid KF (X,Y ) is identified with the groupoid H(F (X),F (Y )), for all X,Y ∈ K. One can adjust as well the
proof given in ([14], 21.2) to the case of a 2-functor.
Corollary 1.8. Let F :K→ H and G :H→ L be 2-functors.
(i) There is a unique 2-functor T :KF → KG◦F such that T ◦F0 = (G ◦F)0 and (G ◦F)1 ◦ T = G ◦F1. If G is fully
faithful, then T is an isomorphism.
(ii) There is a unique 2-functor V :KG◦F → HG such that V ◦ (G ◦ F)0 = G0 ◦ F and G1 ◦ V = (G ◦ F)1. If F is
bijective on objects, then V is an isomorphism.
Corollary 1.9. Let F :K→ H be a 2-functor between g.e. categories. Then hKF = KhF .
Remark 1.10. The homotopy category hK is the full image of the functor
K
YK [[K,GPD]]0 π
∗
0 [K,SET]0 ,
where π∗0 is the composition with the component functor and (π∗0 ◦ YK)0 = hK. Note that [[K,SET]] = [K,SET].
2. The g.e. category of inverse systems
Definition 2.1. An inverse system in a (ordinary) category C is a functor X :Λ0 → C, where (Λ,) is a cofinite
directed set [13]. Setting X(λ) = Xλ and X(λ0  λ1) = xλ0λ1 , we shall often write explicitly X = (Xλ, xλ0λ1,Λ). If
f :M → Λ is an increasing map of directed sets, then there is an inverse system Xf = X ◦ f 0 :M0 → C given by
Xf = (Xf (μ), xf (μ0)f (μ1),M). Here M = (M,) and f is considered as a functor.
Definition 2.2. Let X = (Xλ, xλ0λ1 ,Λ) and Y = (Yμ, yμ0,μ1,M) be inverse systems in C. A map of systems
(f,fμ) :X → Y consists of
– an increasing map f :M → Λ,
– a natural transformation (fμ) :Xf → Y,
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Xf(μ1)
fμ1
xf (μ0)f (μ1)
Yμ1
yμ0μ1
Xf(μ0)
fμ0 Yμ0
If Z = (Zν, rν0ν1,N) is another inverse system and (g, gν) :Y → Z is another map of systems, the composition
(g, gν) ◦ (f,fμ) :X → Z is the mapping (f ◦ g,gν ◦ fg(ν)), while the identity map on X is given by (1Λ,1Xλ).
Inverse systems and maps of systems form the category Inv(C).
A shift of a map of systems (f,fμ) :X → Y is a map of systems (F,Fμ) :X → Y, where:
– F :M → Λ is an increasing map such that f  F , that is, f (μ) F(μ), for all μ ∈ M ,
– Fμ = fμ ◦ xf (μ)F (μ), for all μ ∈ M .
Two maps of systems (f,fμ), (f ′, f ′μ) :X → Y are said to be congruent if they admit a common shift. This gives a
compositive equivalence relation and the quotient category of Inv(C) with respect to such a congruence is the category
Pro(C) “of inverse systems in C”.
When C is a g.e. category, Pro(C) has g.e. structure being defined by
Pro(C)(X,Y) = 2-Nat(Pro(C)(Y, eC(−)
))
, (1)
Pro(C)
(
X, eC(−)
) ∼= lim←μ lim→λ C(Xλ,Yμ), (2)
since GPD is complete and cocomplete [7]. Here eC :C→ Pro(C) is the inclusion 2-functor. Following this point of
view one also obtains a fully faithful 2-functor
YC : Pro(C) → [C,GPD]0,
X → Pro(C)(X, eC(−)
) = lim→λ C(Xλ,−).
Definitions 2.3. A coherent map of inverse systems ϕ = (f ;fμ,fμ0μ1) :X → Y consists of:
– an increasing map f :M → Λ,
– a lax natural transformation (fμ,fμ0μ1) :Xf → Y.
For each μ ∈ M , fμ :Xf(μ) → Yμ is a morphism in C and, for every μ0  μ1, fμ0μ1 :yμ0μ1 ◦fμ1 ⇒ fμ0 ◦xf (μ0)f (μ1),
is a 2-cell of C
Xf(μ1)
fμ0μ0⇓
fμ1
xf (μ0)f (μ1)
Yμ1
yμ0μ1
Xf(μ )
fμ0 Yμ0 0
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Xf(μ2)
fμ1μ2⇓
fμ2
xf (μ1)f (μ2)
Yμ2
yμ1μ2
Xf(μ1)
fμ1μ2⇓
fμ1
xf (μ0)f (μ1)
Yμ1
yμ0μ1
Xf(μ0)
fμ0 Yμ0
=
Xf(μ2)
fμ0μ2⇓
fμ2
xf (μ0)f (μ2)
Yμ2
yμ0μ2
Xf(μ0)
fμ0 Yμ0
are equal, that is fμ0μ2 = (fμ0μ1 ◦ xf (μ1)f (μ2)) ∗ (yμ0μ1 ◦ fμ1μ2).
Let ψ = (g;gν, gν0ν1) :Y → Z = (Zν, zν0ν1,N) be another coherent map. The composition ψ ◦ ϕ is defined by
the composite increasing map f ◦ g :N → Λ and the composition of the lax transformations (fg(ν), fg(ν0)g(ν1)) :
Xf ◦g → Yg and (gν, gν0ν1) :Yg → Z of 2-functors N0 → C. It follows that ψ ◦ ϕ = (f ◦ g;gν ◦ fg(ν), gν0ν1 ∗
fg(ν0)g(ν1)),
Xfg(ν1)
fg(ν1)
xf (μ0)f (μ1)
Yg(ν1)
gν1
yg(ν0)g(ν1)
Zν1
zν0ν1
fg(ν0)g(ν1)
⇓
gν0ν1
⇓
Xfg(ν0) fg(ν0)
Yg(ν0) gν0
Zν0
Such a composition is indeed associative and the identity coherent map X → X is given by 1X = (1Λ;1Xλ,1fλ). Let
ϕ = (f ;fμ,fμ0μ1) :X → Y and let F :M → Λ be an increasing map such that f  F . The coherent shift of ϕ by F
is the coherent map ϕF = (F ;f μ,f μ0μ1) :X → Y, where, f μ = fμ ◦ xf (μ)F (μ) and f μ0μ1 = fμ0μ1 ◦ xf (μ1)F (μ1).
Definition 2.4. If ϕ′ = (f ′;f ′μ,f ′μ0μ1) is another coherent map X → Y, a 2-cell or coherent modification (F,Φ) :
ϕ ϕ′ consists of:
– an increasing map F :M → Λ such that f,f ′  F ,
– a modification of lax transformations Φ : (f μ,f μ0μ1) (f ′μ,f ′μ0μ1) :XF → Y between their coherent shifts
by F .
It follows that Φ is family of 2-cells of C, φμ :fμ ◦ xf (μ)F (μ) ⇒ gμ ◦ xg(μ)F (μ),μ ∈ M ,
XF(μ)
φμ⇓
xf (μ)F(μ)
xg(μ)F (μ)
Xf (μ)
fμ
Xg(μ)
gμ
Yμ
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XF(μ1)
fμ1◦xf (μ1)F (μ1)
⇓φμ1
gμ1◦xg(μ1)F (μ1)
xF(μ0)F (μ1)
Yμ1
yμ0μ1
=
XF(μ1)
fμ1◦xf (μ1)F (μ1)
xF(μ0)F (μ1)
Yμ1
yμ0μ1
fμ0μ1◦xf (μ1)F (μ1)
⇓
gμ0μ1◦xg(μ1)F (μ1)
⇓
XF(μ0) gμ0◦xg(μ0)F (μ0) Yμ0 XF(μ0)
fμ0◦xf (μ0)F (μ0)
⇓φμ0
gμ0◦xg(μ0)F (μ0)
Yμ0
The data above define a g.e. category Inv(C) with objects the inverse systems in C, their coherent maps and modifica-
tions. Let iC :C→ Inv(C) denote the inclusion 2-functor.
Two coherent maps ϕ,ϕ′ :X → Y will be called congruent, written ϕ ≡ ϕ′, when they have a common shift, that
is, ϕF = ϕ′F , for some increasing map F  f,f ′. Such a congruence is an equivalence relation on each Inv(C)(X,Y),
however it is not compatible with composition, hence it is not possible to pass to the quotient category as in the non
g.e. case. In fact, if ϕ :X → Y and ψ,ψ ′ :Y → Z are coherent maps with ψ ≡ ψ ′, it does not follows, in general, that
ψ ◦ ϕ ≡ ψ ′ ◦ ϕ (cf. [12], Ch. 1, §1, 2). Let us point out that a congruence between two coherent maps is nothing but a
trivial coherent modification between them. For X ∈ Inv(C) and Y ∈ C, one has Inv(C)(X, Y ) = Inv(C)(X, Y ), that is,
a coherent map ϕ :X → Y just amounts to choose a morphism fλ :Xλ → Y . Given another coherent map ψ :X → Y
corresponding to gλ′ :Xλ′ → Y , a coherent modification between them is obtained taking an index λ0  λ,λ′ and a
2-cell fλ ◦ xλλ0 ⇒ gλ′ ◦ xλ′λ0 . In the following we shall write Pro(C) = hInv(C) and call it the coherent category of
inverse systems in C.
Theorem 2.5. The 2-functor IC : Inv(C) → [[C,GPD]]0, which sends an inverse system X to Inv(C)(X, iC(−)) :
C→ GPD, is a local equivalence.
Proof. First we show that the given assignment defines a 2-functor IC : Inv(C) → [C,GPD]0, which is a local equiv-
alence, so that we only have to compose it with J : [C,GPD] → [[C,GPD]] to complete the job. A coherent map
ϕ = (f,fμ,fμ0μ1) :X → Y induces a 2-natural transformation
ϕ∗ : Inv(C)
(
Y, iC(−)
) → Inv(C)(X, iC(−)
)
which is defined as follows:
for P ∈ C, ϕ∗P : Inv(C)(Y,P ) → Inv(C)(X,P ) is the functor of groupoids given by
– ϕ∗P (uμ :Yμ → P) = uμ ◦ fμ :Xf(μ) → P ,
– given a coherent modification σ :uμ ⇒ vμ′ , that is, a 2-cell σ :uμ ◦ yμμ0 ⇒ vμ′ ◦ yμ′μ0 , for a chosen μ0  μ,μ′,
then ϕ∗P (σ ) :uμ ◦ fμ ⇒ uμ′ ◦ fμ′ is illustrated by the following diagram
Xf(μ)
⇓f−1μμ0
fμ
Yμ
uμ
Xf (μ0)
xf (μ′)f (μ0)
xf (μ′)f (μ0)
fμ0 Yμ0 ⇓σ
yμμ0
yμ′μ0
P
Xf (μ′)
⇓fμ′μ0
fμ′
Yμ′
vμ′
that is, ϕ∗ (σ ) = [(σ ◦ fμ ) ◦ (vμ′ ◦ fμ′μ )] ∗ (uμ ◦ f−1μμ ).P 0 0 0
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of 2-natural transformations Φ∗ :ϕ∗ψ∗ defined as follows: if P ∈ C and uμ :Yμ → P is an object of Inv(C)(Y,P ),
then (Φ∗P )uμ :ϕ∗P (uμ) ⇒ ψ∗P (uμ) is the morphism in Inv(C)(X,P ) given by
Xf(μ)
fμ
XF(μ) Φμ⇓
xf (μ)F(μ)
xg(μ)F (μ)
Yμ
uμ
P
Xg(μ)
gμ
that is, (Φ∗P )uμ = uμ ◦ Φμ. Next, let σ :uμ ⇒ vμ′ be a morphism in Inv(C)(Y,P ). It has to be shown that
ψ∗P (σ ) ◦ (Φ∗P )uμ = (Φ∗P )vμ′ ◦ ϕ∗P (σ ). All follows from the comparison of the following two diagrams which give
the same result because of the definition of a coherent modification
Xf(μ)
⇓f−1μμ0
fμ
Yμ
uμ
Xf (μ0)
xf (μ′)f (μ0)
xf (μ′)f (μ0)
fμ0 Yμ0 ⇓σ
yμμ0
yμ′μ0
P
XF(μ0)
xf (μ0)F (μ0)
xF(μ′)F (μ0)
Xf (μ′)
⇓fμ′μ0
⇓Φμ′
fμ′
Yμ′
vμ′
XF(μ′)
xf (μ′)F (μ′)
xg(μ′)F (μ′)
Xg(μ′)
gμ′
XF(μ)
xf (μ)F(μ)
xg(μ)F (μ)
Xf (μ)
fμ
XF(μ0)
xF(μ)F(μ0)
xg(μ0)F (μ0)
Xg(μ)
⇓Φμ
⇓g−1μμ0
gμ
Yμ
uμ
Xg(μ0)
xg(μ)g(μ0)
g(μ0)
xg(μ′)g(μ0)
Yμ0
yμμ0
yμ′μ0
⇓σ P
Xg(μ′)
⇓gμ′μ0
gμ′
Y ′μ
vμ′
For h :P → Q in C it is clear that Inv(C)(X, h) ◦ ϕ∗P = ϕ∗Q ◦ Inv(C)(Y, h).
Let α : Inv(C)(Y, iC(−)) → Inv(C)(X, iC(−)) be a 2-natural transformation. Taking αYμ(1Yμ), for each μ ∈ M ,
amounts to choose an index f ′(μ) ∈ Λ and a morphism f ′μ :Xf ′(μ) → Yμ. This gives a map f ′ :M → Λ. For P ∈ C
and u :Yμ → P , the commutativity of
Inv(C)(Y, Yμ)
αYμ1
Inv(C)(Y,u)
Inv(C)(X, Yμ)
Inv(C)(X,u)
Inv(C)(Y,P ) αP Inv(C)(X,P )
gives αP (u) = u ◦ f ′μ1 . In particular, for μ0  μ1, one has αYμ0 (yμ0μ1) = yμ0μ1 ◦ f ′μ1 . Moreover, the identity 2-cell
Yμ1 yμ0μ1
Yμ1
1Yμ1
yμ0μ1
Yμ0
Yμ
1Yμ00
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tative diagram
Xf ′(μ1)
f ′μ1 Yμ1
yμ0μ1Xλ
xf ′(μ1)λ
f ′(μ0)λ
Xf ′(μ0) f ′μ0
Yμ0
It follows that (f ′, f ′μ) :X → Y is a morphism of systems (in the sense of [13], Ch. 1). Then there is a (coherent) map
ϕ = (f,fμ) :X → Y, f  f ′, such that, for μ ∈ M , fμ = f ′μ ◦ xf ′(μ)f (μ).
There exists a modification χ :α ϕ∗. If P ∈ C, then χP :αP ⇒ ϕ∗P is the natural transformation given, at level
u :Yμ → P , by the identity 2-cell (χP )u :αYμ(u) = u ◦ fμ′ ⇒ ϕ∗P (u) = u ◦ fμ = u ◦ fμ′ ◦ xf (μ)f (μ′).
With the previous notations, let ϕ,ψ :X → Y be coherent maps and let χ :ϕ∗  ψ∗ : Inv(C)(Y, iC(−)) →
Inv(C)(X, iC(−)) be a modification of 2-natural transformations. For every μ ∈ M , there is a natural transforma-
tion χYμ :ϕ∗Yμ ⇒ ψ∗Yμ of functors Inv(C)(Y, Yμ) → Inv(C)(X, Yμ), which, at level 1Yμ :Y → Yμ, gives a 2-cell,
denoted χμ :fμ ⇒ gμ. This amounts to taking an index F(μ) ∈ M, F(μ) f (μ), g(μ) and χμ :fμ ◦ xf (μ)F (μ) ⇒
gμ ◦ xg(μ)F (μ). Again, one can make F :M → Λ an increasing map so that (F, (χμ)) is a coherent modification
φψ , the unique such that induces χ . 
Let (C,K) will be a g.e. pair, that is K is a g.e. full subcategory of C and let E :K→ C denote the inclusion.
Definition 2.6. A morphism f :X → Y of, C is called
(i) a strong shape equivalence for (C,K) if the induced 2-natural transformation YE(f ) = f ∗ :C(Y,E(−)) →
C(X,E(−)) is an equivalence in [[K,GPD]].
(ii) a shape equivalence for (C,K) if (π0f )∗ : [Y,E(−)]C → [X,E(−)]C is an equivalence (= natural isomorphism)
in [[K,SET]].
By Lemma 1.2, every strong shape equivalence for (C,K) is a shape equivalence. Moreover, by Proposition 1.5,
f is a strong shape equivalence for (C,K) iff f ∗P :C(Y,P ) → C(X,P ) is an equivalence of groupoids, for all P ∈ K.
From the Whitehead’s Lemma one obtains the following result characterizing strong shape equivalences among shape
equivalences for (C,K).
Proposition 2.7. Let f :X → Y be a shape equivalence for (C,K). f is a strong shape equivalence iff :
(∗) for every u ∈ C(Y,P ), P ∈ K, and for every 2-cell β :u ◦ f ⇒ u ◦ f , there exists a unique 2-cell α :u ⇒ u such
that β = α ◦ f ,
Remark 2.8. The notions of shape and strong shape equivalences for the g.e. pair (TOP,ANR) coincide with those
given, e.g., in [12]. In the topological case, a shape equivalence f :X → Y is a strong shape equivalence iff the
following hold:
(i) given a map u :Y → P,P ∈ ANR, and a homotopy G :u ◦ f  u ◦ f , there is a homotopy H :u  u with G 
H ◦ (f × 1), rel end maps,
(ii) the homotopy H above is uniquely determined up to homotopies rel end maps.
Definition 2.9. The full g.e. subcategory K is coherently proreflective in C when each X ∈ C admits an X ∈ Inv(K)
and a coherent map x :X → X which is a strong shape equivalence for (Inv(C),K).
Theorem 2.10. If K is coherently proreflective in C, then there is a reflective functor R :hC→ Pro(K).
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P ∈ K, a natural bijection [R(X),P ]Inv(K) ∼= [X,P ]C. 
The category of absolute neighborhood retracts ANR is a coherently proreflective subcategory of TOP [12].
3. Shape and strong shape
In this section (C,K) will be a g.e. pair, that is, K is a g.e. subcategory of C. E :K→ C will denote the inclusion
and YE :C→ [[K,GPD]]0 the obvious extension of YK to C, given by X → C(X,E(−)).
Definitions 3.1.
(i) The category SS(C,K) associated with (C,K), is the full image of the functor h[[K,GPD]] ◦ YE . In diagram
C
YE
ss=(h[[K,GPD]]◦YE)0
[[K,GPD]]0 h[[K,GPD]] h[[K,GPD]]0
SS(C,K)
(h[[K,GPD]]◦YE)1
(ii) The category S(C,K) associated with (C,K), is the full image of the functor π∗0 ◦ YE . In diagram
C
YE
s=(π∗0 ◦YE)0
[[K,GPD]]0 π
∗
0
h[K,SET]0
S(C,K)
(π∗0 ◦YE)1
Proposition 3.2.
(i) There is a unique 2-functor T :SS(C,K) → S(C,K) such that T ◦ss = s. In particular T is the identity on objects.
(ii) SS(C,K) is the full image of the functor hYE :hC→ h[[K,GPD]]0.
(iii) S(C,K) is the full image of the functor hπ∗0 ◦ hYE :hC→ [K,SET]0.
Proof. All the assertions follow from Corollary 1.8, considering the partial and global commutativity of the diagram
C
hC
YE
hC
hYE
[[K,GPD]]0 h[[K,GPD]]
π∗0
h[[K,GPD]]0
[K,SET]0
hπ∗0

Remark 3.3. As it was already observed in [15], S(TOP,ANR) is the ordinary shape category of topological spaces,
as defined in [13].
Theorem 3.4. Let K be coherently proreflective in C with R :hC→ Pro(K). The category SS(C,K) is the full image
of R.
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hC R
hYE
Pro(K)
hIK
h[[K,GPD]]0
is commutative up to isomorphisms. Let X ∈ C, since ρX :X → R(X) is a strong shape equivalence for (Inv(C),ANR),
it induces an equivalence of groupoids Inv(C)(R(X),P ) ∼= C(X,P ), for all P ∈ K, hence a bijection [R(X),P ]Inv(K) ∼=
[X,P ]C. Then the assertion follows from the previous proposition and the fact that, being IK a local equivalence, its
homotopy lifting is fully faithful. 
Let now TOP denote the category of topological spaces and continuous maps. If X and Y are inverse systems in
TOP, recall from [12], that a 1-coherent mapping ϕ :X → Y consists of:
– an increasing map f :M → Λ,
– a map fμ :Xf(μ) → Yμ, for each μ ∈ M ,
– a homotopy fμ0μ1 :qμ0μ1 ◦ fμ1  fμ0 ◦ pf (μ0)f (μ1), for all μ0  μ1,
– (additional condition) for all μ0  μ1  μ2, a second order homotopy fμ0μ1μ2 :Xf(μ2) × I 2 → Yμ0 such that
fμ0μ1μ2 :fμ0μ2  [fμ0μ1 ◦ pf (μ1)f (μ2)] ∗ [qμ0μ1 ◦ fμ1μ2].
When we consider the g.e. structure of TOP the data above give the g.e. category of inverse systems Inv(TOP).
The category CH(1)(Pro(TOP)) defined in [12], with objects the inverse systems in TOP and morphisms the ho-
motopy classes of 1-coherent mappings, is exactly the homotopy category of the g.e. category Inv(TOP), that is,
CH(1)(Pro(TOP)) = Pro(TOP). It also follows that CH(Tow(TOP)) = Tow(TOP), where Tow(TOP) is the related
coherent category of inverse sequences in TOP, i.e. inverse systems indexed over the set of natural numbers. In [12]
it is shown that CH(1)(Tow(TOP)) ∼= CH(Tow(TOP)) and that the strong shape category of compact metric spaces
SSh(CM) is obtained as follows:
– every compact metric space X admits an ANR-resolution x :X → X, where X is an inverse sequence [11],
– the assignment X → X gives a reflective functor R :hCM→ Pro(ANR) which makes ANR a coherently proreflec-
tive subcategory of CM [3],
– SSh(CM) is the full image of R.
From the remarks above and Theorem 3.4 the following result is obtained
Theorem 3.5. The strong shape category of compact metric spaces SSh(CM) is isomorphic to the category
SS(CM,ANR) associated with the g.e. pair (CM,ANR).
In general, one has
Theorem 3.6. The category SS(TOP,ANR) is isomorphic to the strong shape category of height 1, SSh(1)(TOP),
defined by Lisicá and Mardešic´ [12].
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